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1. Introduction 
 

Unreinforced masonry arches and vaults are frequent in 

many historic structures worldwide. These valuable 

structures are often subjected to deterioration and misuse 

and require strengthening. Any intervention strategy should 

be based on deep understanding of the behavior of the 

existing structure as well as its behavior after the proposed 

retrofit measures are made (Croci 1998, Lourenco 2002). 

Accurate structural analysis of masonry constructions is a 

true challenge. The mechanical behavior of masonry 

structural elements exhibits non-homogeneity and 

directional properties, in addition to cracking due to 

weakness and brittleness of mortar joints. Linear analysis 

usually performed for simplifying the analysis and design 

of masonry structures, where linear isotropic behavior is 

assumed, often underestimates the structural capacity of 

such constructions. Nonlinear analysis is reported to 

describe more accurately the actual behavior and capacity 

of the structure in many cases (Giordano et al. 2002, 

Lourenco et al. 2007).  

In this paper finite element modelling and nonlinear 

analysis are conducted using commercially available 

computer software ANSYS v.12 (2012). Description of the  
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adopted modelling parameters, material characterization 

and nonlinear solution parameters is given. Numerical 

investigation is made for masonry walls and vaults 

externally strengthened by bonded laminates of Fibre 

Reinforced Polymers (FRP), which have been 

experimentally tested by El-Salakawy et al. (2014). The 

obtained numerical results are compared with the 

experimental results.  Application of the adopted 

procedure is also made on a historic masonry dome to 

demonstrate the capability of the proposed analysis to 

explain its structural behavior prior to and after 

strengthening using FRP composites. 

 

 

2. Numerical modeling and nonlinear analysis 
 

2.1 Approaches for modeling and nonlinear analysis 
of masonry 
 

Different modeling strategies may be followed to 

represent the heterogeneous and anisotropic nature of 

masonry construction using finite elements, depending on 

the required level of accuracy. These strategies are 

illustrated in Fig. 1 and may be described as follows 

(Lourenco 2002, Roca et al. 2010). 

(a) Detailed micro-modeling: both mortar and masonry 

units are modeled independently as continuum elements 

where inelastic properties for each are assigned. 

Discontinuous elements are used to model the interface 

between mortar and units.  

(b) Simplified micro-modeling: expanded units are  
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(a) Detailed micro-

modeling 

(b) Simplified 

micro-modeling 

(c) Macro-

modeling 

Fig. 1 Modeling strategies for masonry (Lourenco 2002) 

 

 

represented by continuum elements where behavior of 

mortar joints and unit-mortar interface is lumped in 

discontinuous elements or interface elements. Masonry is 

considered as a set of elastic blocks bonded by potential 

fracture/slip lines at the joints.  

(c) Macro-modeling (homogenization theory): the 

masonry units, mortar and mortar-unit interface are smeared 

out in a homogenous continuum material. Macro models are 

more applicable when the structure has large dimensions 

and stresses are uniformly distributed along the macro-

length. 

Micro modelling needs higher computational effort and is 

better suited to investigate the local behaviour of load-

bearing walls in detail whereas macro modelling is more 

practice oriented due to reduced time and memory 

requirements and user-friendly mesh generation and is used 

to investigate the general behaviour of masonry buildings 

(Lourenco et al. 2007, Roca et al. 2010).  

Different modeling strategies were applied by Da Porto 

et al. (2010) and Milani (2011) to represent numerically 

clay masonry walls experimentally tested under in-plane 

load. It was concluded that detailed micro-models are 

capable of addressing some of the complexities but the 

macro modeling approach described the structural behavior 

with acceptable accuracy.  

Finite Element (FE) macro-models were reported to 

provide accurate simulation of the nonlinear response of 

masonry structures (Lourenco 2002, Roca et al. 2013). 

Finite element homogenization approach was used for study 

the seismic behavior of existing and heritage masonry 

structures (Clementi et al. 2016). Mendes and Lourenco 

(2010) used finite elements to model masonry buildings in 

Lisbon, Portugal. Nonlinear dynamic analysis with time 

integration and pushover analysis were performed for 

seismic assessment. The finite element model was 

calibrated with the experimental results of a reduced scale 

shaking table tests. The approach was also used for 

interpretation of existing crack patterns induced by 

foundation settlement on old masonry buildings, and was 

able to predict quite accurately the position of the cracks 

and give interpretation of the reasons and formation of the 

crack pattern using fully non-linear finite element code 

(Acito and Milani 2012). 

The material properties to be used in finite element 

analysis are given based on experimental data. Kaushik et 

al. (2007) conducted a comprehensive experimental study 

on masonry prisms to formulate compressive stress-strain 

relationships and propose analytical expressions for the 

modulus of elasticity of masonry. Xin et al. (2017) studied  

 

 

the mechanical properties of masonry under biaxial 

compressive stress and presented the failure curve in terms 

of two orthotropic principal stresses. Based on experimental 

data, the failure criterion of brick masonry has been 

established in the form of the tensor polynomial.  

The Discrete Element Method (DEM) was applied by 

Reccia et al. (2012) to the kinematic limit analysis of out-

of-plane loaded masonry walls. Blocks are discretized with 

triangular rigid FEs and are regarded as rigid bodies 

connected by zero thickness Mohr-Coulomb-type 

interfaces. Sarhosis et al. (2016) used software based on the 

Distinct Element Method (DEM), a three-dimensional 

numerical study has been performed to investigate the in-

plane and out-of-plane response of classical columns and 

colonnades during harmonic and seismic loading 

excitations. Numerical analysis using combined finite/ 

discrete element method (FDEM) was performed by Balic 

et al. (2016) to investigate the seismic resistance of dry 

stone arches under in-plane seismic loading. Incremental 

dynamic analysis was conducted on twelve types of dry 

stone arches to observe the collapse mechanisms and 

determine the seismic resistance.  The Applied Element 

Method (AEM), which combines the FEM with Discrete 

Element Method, was also used by Karbassi and Lestuzzi 

(2012) to perform nonlinear dynamic analyses on 

unreinforced masonry buildings and define spectral-based 

fragility curves of typical masonry buildings. 

To overcome the high computational effort needed by 

FE models, simplified models were developed based on 

mechanical bi-dimensional models and equivalent frame 

models. Nonlinear modeling of masonry buildings is done 

by assigning lumped plastic hinges to isotropic and 

homogenous equivalent frame elements. This modeling 

technique was used by Kheirollahi (2013) for performance 

assessment of unreinforced brick masonry buildings, where 

the numerical results and pushover curves provided good 

agreement with those of a reversed cyclic experiment 

conducted on a full scale, two-story building. Equivalent 

frame models were also applied by Chacara et al. (2017) to 

evaluate the seismic response of a brick masonry structure 

which was tested by shaking table. Doven and Kafkas 

(2017) investigated the elastic behaviour of load-bearing 

walls through a micro modelling approach, where brick 

units were modelled by plane frame elements, horizontal 

joints were modelled by vertical frame elements with 

equivalent elasticity modulus and moment of inertia and 

vertical joints were modelled by horizontal plane truss  

 

 

(a) Multilinear for masonry (b) Bilinear for FRP 

Fig. 2 The adopted stress-strain curves (ANSYS 2012) 
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elements. The numerically calculated elastic displacements 

of masonry walls subjected to in-plane static loads were 

found compatible with published literature.  

D’Ambrisi et al. (2012) used the nonlinear finite 

element program ANSYS to carry out nonlinear static and 

dynamic analyses to study the seismic performances of a 

medieval tower in Italy. Analytical models of the tower 

were calibrated on the results of the performed dynamic 

identification with ambient vibration tests. Kamal et al. 

(2014) used three-dimensional finite elements and nonlinear 

analysis software ANSYS to represent the nonlinear 

behaviour of unreinforced masonry structures. An 

experimental study was conducted in order to validate the 

accuracy of the adopted modelling and solution procedure. 

The proposed numerical modelling was concluded to be 

suitable to study and understand the structural behaviour of 

existing heritage structures and interpret the cracks or any 

structural problem encountered. 

Kocatürk and Erdoğan (2016) used the nonlinear finite 

element analysis software ANSYS/LS-DYNA in modelling 

the minaret of Sultan Ahmed Mosque in Turkey. Nonlinear 

analysis was conducted for the minaret under some 

registered earthquake loads to study its stability and 

demonstrated the importance of the used iron-lead 

connectors between stones to the energy absorption 

capacity of the minaret under extensive earthquakes. It was 

found out that under very big recorded earthquakes, the 

system plays very important role and helps to keep the 

structure safe. 

 

 

In order to model masonry structures strengthened with 

FRP, the model should take into account the masonry itself, 

the FRP reinforcement and the interaction between the 

masonry and the FRP. Macro-modeling approaches were 

applied for masonry panels reinforced with FRP strips. 

Modeling was made by elements having membrane 

stiffness and tension-only behavior assumed perfectly 

bonded to the masonry (Gabor et al. 2006), or by using 

special constitutive material models for the masonry-FRP 

interaction (Grande et al. 2013). Homogenized anisotropic 

material and smeared crack model was used for masonry 

vaults strengthened with FRP strips at the extrados. FRP 

strips assumed fully bonded to the masonry were modeled 

as solid elements with anisotropic material properties 

(Mahini 2015), or as linear elastic and orthotropic until 

fiber tensile strength is reached and rupture of fibers 

occurred (Szolomicki et al. 2015). Numerical approaches to 

model the masonry-FRP interface behavior have been also 

proposed (Mazotti and Murgo 2015). 

 

2.2 Adopted nonlinear material behavior and solution 

procedure 
 

Within this research work, macro-modeling is adopted 

where masonry is considered a homogenous continuum for 

which the macro behavior is simulated through selection of 

specific material properties (Milani and Lourenco 2013). 

The commercial software ANSYS 12.0 (2012) is used for 

finite element nonlinear analysis. The masonry is modeled 

as an isotropic material with homogenized properties 

characterized by different nonlinear softening laws in 

tension and compression. Multilinear isotropic hardening 

material is used to simulate the masonry as shown in Fig. 

2(a). This type of material (MISO) uses the von Mises yield 

criteria coupled with an isotropic work hardening 

assumption described by a multilinear stress-strain curve 

(Kaushik et al. 2007).  

 

The stress-strain relation for FRP is linear up to failure, thus 

the bilinear stress-strain relation for steel in Fig. 2(b) is used 

and yield stress σy is given the same value as maximum 

stress σmax. The user defines material tensile and 

compressive strengths and shear transfer coefficient (from 

zero to 1.0). When the solution converges to the cracked 

state, the modulus and consequently the stiffness normal to 

the crack face is set to zero. 

 

 

3. Numerical study 

 

Fig. 3 Dimensions and strengthening for walls and vaults (El-Salakawy et al. 2014) 

  

(a) Unstrengthened wall (b) Wall strengthened by FRP 

  

(c) Unstrengthened vault (d) Vault strengthened by FRP 

Fig. 4 Finite element 3D model for walls and vaults 
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(a) Stresses (Syx10-2 MPa) (b) Crack pattern before 

failure 

Fig. 6 Stresses and crack pattern in the unstrengthened 

masonry wall 

 

Table 1 Failure loads for walls and vaults 

Masonry element Numerical failure load kN Experimental failure load kN 

Unstrengthened wall 130 135 

FRP-strengthened wall 255 259.5 

Unstrengthened vault 9 10 

FRP-strengthened vault 14 15 

 

 

For validation of the adopted procedure, numerical 

modeling and nonlinear analysis were carried out for brick 

masonry walls and vaults strengthened by externally 

bonded FRP sheets, which were experimentally tested 

previously (El-Salakawy et al. 2014). The walls and vaults 

were constructed from commercial perforated clay bricks 

and cement mortar having compressive strengths 5 MPa 

and 14.5 MPa. Prism tests were made yielding compressive 

strength of only 4.45 MPa (El-Salakawy et al. 2014).      

Masonry walls W1 and W2 were not strengthened, 

while walls W3 to W6 were strengthened by adhering 200 

mm wide strips of GFRP on both sides using polyester 

resin, and were tested in diagonal compression test until 

failure. Brick masonry vaults V1, V2 and V3 were not 

strengthened and vaults V4 and V5 were strengthened using 

GFRP externally adhered on the extrados at locations 

chosen near the hinges expected to occur (El-Salakawy et 

al. 2014). The dimensions and strengthening schemes are 

shown in Fig. 3. 

 

 

3.1 Numerical model 
 

A three-dimensional finite element mesh is used to 

simulate the walls and vaults in a macro modeling strategy. 

Masonry material (bricks and mortar) was discretized using 

the solid element SOLID65, having eight nodes with three 

translational degrees of freedom at each node. The model is 

based upon the crushing and cracking option to locate 

accurately the cracks (ANSYS 2012). The FRP layer is 

modeled using the element SHELL63 assumed perfectly 

bonded to the masonry. The meshes for unstrengthened and 

strengthened walls and vaults are shown in the Fig. 4. 
 

3.2 Material properties and nonlinear parameters 
 

The material properties of masonry and FRP 

strengthening are specified based on the experimentally 

evaluated properties (El-Salakawy et al. 2014) and are 

given as follows. 

a) Masonry:  compressive strength f'm = 4.47 MPa 

(determined experimentally); modulus of elasticity Em = 

625 MPa, weight density= 16 kN/m3, major Poisson's ratio 

= 0.15, tensile strength = 0.447 (value suggested in 

published research and code recommendations (Kaushik et 

al. 2007, ECP 2005).  

b) FRP: ultimate tensile strength = 3800 MPa, 

modulus of elasticity = 75 GPa (given by manufacturer)  

The loading of the model is similar to that conducted in 

the experimental program (El-Salakawy et al. 2014). For 

nonlinear analysis, iterative solution is adopted with load 

applied at increments. Nonlinear static analyses are 

performed and the Newton– Raphson iteration method is 

adopted by activating the energy norm criterion to check the 

convergence at each step. The load is applied at increments; 

made within each load step, the computer program may 

perform several substeps in which equilibrium iterations are 

made until convergence criteria are satisfied and a 

converged solution is reached.  

The coefficients and parameters for nonlinear analysis 

are assigned the following values. 

- Shear coefficient along opening cracks (ShrCf-

pO) = 0.2  

 

 

(a) unstrengthened walls (b) FRP-strengthened walls 

Fig. 5 Load-displacement curves for walls compared to experimental results 
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(a) Stresses (Syx10-2MPa) (b) Crack pattern before 

failure 

Fig. 7 Stresses and crack pattern in the FRP-strengthened 

masonry wall 

 

 

- Shear coefficient along closed cracks (ShCf-Cl) = 

0.8  

- Tension limit, cracking limit (UnTensSt) = 0.425 

MPa 

- Compression limit, crushing limit (UnCompSt) = 

4.25 MPa 

- Number of load substeps solution = 10 

- Number of equilibrium iterations = 25 

- Convergence criteria: Newton-Raphson, 

displacement control 

 

 

4. Numerical results and discussion 
 

4.1 Failure loads and load-displacement relations for 
walls 
 

The failure loads predicted numerically for the walls are 

given in Table 1, compared to the average experimentally 

determined values. The load-displacement curves for the 

unstrengthened walls and for walls strengthened with FRP 

sheets are shown in Figs. 5(a) and (b), respectively.  The 

numerically predicted load displacement relation gives the 

same maximum loads and displacements as the 

experimental values. However, acceptable match is 

observed for the first and last thirds of the curve, but the 

middle third shows deviation of the numerically predicted 

curve from the experimental curves.  

Numerical results indicate that strengthening using FRP 

managed to increase the failure load to about 192% of the 

control walls ultimate load, and thus is considered an 

efficient strengthening technique. The final displacement 

was increased from 11 mm to 16 mm for the strengthened 

wall, indicating that the strengthening technique improved 

the deformability of the walls. The results of failure loads 

and displacement values show that confinement by FRP is 

an efficient strengthening technique for clay brick masonry 

walls and assemblages. 

 

4.2 Crack patterns for walls 
 

The numerically evaluated stresses and cracks in 

unstrengthened and strengthened walls are shown in Figs. 6 

and 7, respectively. The crack pattern at failure for the 

unstrengthened wall shows longitudinal cracks from tip to 

tip. For the strengthened wall, cracks formed due to  

 

 

(a) Unstrengthened wall (b) FRP-strengthened wall 

Fig. 8 Experimental failure modes for walls (El-Salakawy et 

al. 2014) 

 

 

crushing at the top part of the wall; also, cracks occurred 

between the brick elements and the FRP sheets, indicating 

that the stability of the wall was maintained through the 

confinement provided by FRP having development length. 

Failure modes predicted numerically agree with the 

experimental failure modes observed in Fig. 8(a) and (b) 

(El-Salakawy et al. 2014). 

 

4.3 Failure loads and load-displacement relations for 
vaults 
 

The failure loads evaluated numerically for the vaults 

are given in Table 1, compared to the values determined 

experimentally (El-Salakawy et al. 2014). Results show that 

the FRP strengthening technique increased the failure load 

by about 150% and thus is considered efficient in 

strengthening masonry vaults. Load-displacement curves 

for the unstrengthened vaults and for vaults strengthened 

with FRP are shown in Fig. 9. 

 

4.4 Crack patterns for vaults 
 

The numerical results for stresses and cracks before 

failure in the unstrengthened and strengthened vaults are 

shown in Figs. 10 and 11, respectively. The crack pattern 

for the unstrengthened vault indicates failure by formation 

of three hinges. The FRP strengthened vault produced a 

mode of failure where the crack occurred between the two 

strengthened zones. Similar crack pattern was observed 

experimentally as shown in Figs. 10(c) and 11(c). 

 

4.5 Comparison between numerical and experimental 
results 
 

In the current study, the numerically predicted ultimate 

failure loads and displacements at failure are very close to 

the experimental results which demonstrate the accuracy of 

the numerical model. The load-displacement curves show 

acceptable match for the first and last thirds of the curves 

but the middle third shows differences between numerical 

and experimental curves. This deviation may be attributed 

to non-homogeneity of the experimental samples where 

defects or weak joints may cause stress concentrations.  

Similar results were obtained experimentally by Oliveira 

et al. (2010) where FRP sheets externally applied on the 

extrados of masonry vaults have increased significantly the 

load-carrying capacity and modified the collapse  
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(a) unstrengthened vaults (b) FRP-strengthened vaults 

Fig. 9 Load-displacement curves for vaults compared to experimental results 

  

 

(a) stresses (Syx10-2 MPa) (b) crack pattern before failure (c) experimental failure mode (El-

Salakawy et al. 2014) 

Fig. 10 Unstrengthened masonry vault: Stresses and crack pattern 

  

 

(a) Stresses (Syx10-2 MPa) (b) Crack pattern before failure (c) Experimental failure mode (El-

Salakawy et al. 2014) 

Fig. 11 FRP-strengthened masonry vault: Stresses and crack pattern 

 

 

(a) Exterior view (b) Executed FRP strengthening 

Fig. 12 Case study: Historic dome of Sodoun (Mahfouz and Rizk 2003) 
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(a) Cracks at load step 11 (b) Cracks before failure 

Fig. 14 Crack pattern of FRP strengthened deteriorated 

dome 

 

 

mechanism. Mahini (2015) demonstrated that application of 

FRP strips over the inside and outside surfaces of the cross 

vaults can prevent the cracks opening and the formation of 

hinges prior to collapse of the structure. Valluzzi et al. 

(2001) concluded that proper location of carbon FRP strips 

used to strengthen brick masonry vaults can improve the 

vaults safety. 
 

 

5. Case study 
 

5.1 Description 
 

The dome of Sodoun, built in 1468 in the historic 

district in Cairo, showed deterioration and cracks that 

threatened collapse of the dome. The heritage dome shown 

in Fig. 12, is made of fired clay bricks and masonry lime 

mortar, it has diameter 5 m and height 5.5 m. It is built over 

four limestone walls of thickness 0.6 m and height 8 m. 

Strengthening was made in the year 2002 using carbon fiber 

reinforced polymer (CFRP) strips bonded to the interior 

surface of the dome and to the exterior of the supporting 

drum (Mahfouz and Rizk 2003). 
 

5.2 Numerical modeling and material properties 
 

Numerical study is performed using the adopted finite 

element modeling. The masonry dome was modeled by 

SOLID65 elements, as shown in Fig. 13(a). The 

strengthening CFRP sheets and strips were modeled using 

SHELL63 elements. The material properties for the clay 

brick masonry were estimated through field tests conducted 

within the restoration project and reported by Mahfouz and 

Rizk (2003). Masonry compressive strength (f'm), modulus  

 

 

of elasticity and major Poisson’s ratio were 0.85 MPa, 119 

MPa and 0.15, respectively. These values were adopted in 

the present study for the originally built dome and reduced 

by 20% to represent material deterioration. 

The CFRP strips have tensile strength 2800 MPa and 

modulus of elasticity=165 GPa, as indicated by 

manufacturer. 

In order to study the performance of the dome, three 

cases were modeled and analyzed: the original non-cracked 

dome having the estimated masonry material properties, the 

deteriorated dome with reduced material properties, and the 

deteriorated cracked dome strengthened by externally 

applied CFRP strips. For all the studied cases, the own 

weight and wind loads were applied in 20 load steps. 

 

5.3 Numerical results and discussion 
 

For the deteriorated dome, results showed first cracking 

at load step 11, Fig. 13(b), the numerically obtained crack 

pattern was very similar to the reported observed cracks 

(Mahfouz and Rizk 2003).  By increasing the load, the last 

load step gave non-converged solution, indicating that 

material deterioration can lead to total failure. The crack 

pattern before failure is shown in Fig. 13(c). Analysis of the 

deteriorated strengthened dome shows that the CFRP 

strengthening system managed to prevent propagation of 

the first crack, Fig. 14(a). By increasing the load, the final 

crack pattern at load step 20 is shown in Fig. 14(b), where a 

converged solution was reached.  In spite of the crack 

pattern, the dome was still stable and total failure did not 

occur. This demonstrates the effectiveness of the used 

strengthening system in avoiding the dome failure and total 

collapse. The numerical results are described in more 

details by El Salakawy (2015). 

The numerical results demonstrate that the adopted 

modeling procedure is suitable and sufficiently reliable for 

studying the structural behavior of existing historical 

structures and for interpretation of cracking or of any 

structural problems encountered in them. The finite element 

model should have input data for material properties 

(strength and stress-strain behavior) evaluated through 

onsite structural and/or material investigations including 

non-destructive or minor-destructive testing onsite and/or in 

laboratories. The numerical analysis could therefore allow 

prediction of the behavior of the historical buildings before 

and after the FRP-strengthening. 

 

 

 

(a) Finite element model (b) First cracks at load step 11 (c) Crack pattern before failure 

Fig. 13 Numerical modeling and results of the unstrengthened deteriorated dome 
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6. Conclusions 
 

This paper presents a simplified procedure for numerical 

modeling and nonlinear analysis of masonry flat and 

vaulted elements strengthened by externally adhered FRP 

laminates. The numerical results are compared with 

published experimental outcomes to investigate the 

feasibility of the modeling procedure in describing the 

structural behavior of FRP strengthened brick walls and 

vaults. Further, application is made on a heritage brick 

masonry dome which was strengthened by FRP. The main 

conclusions drawn from this study may be summarized in 

the following points 

• Numerical modeling and nonlinear analysis were done 

using a commercially available computer program 

(ANSYS), which renders the approach applicable by 

practicing designers. 

• The numerical results showed good agreement with 

published experimental results as regards crack patterns, 

failure mechanisms, maximum load and corresponding 

maximum deformation. 

• Numerical prediction for the load-displacement curve 

showed acceptable match with the published experimental 

results except for the middle part of the curve.  

• External FRP strengthening nearly doubled the 

ultimate capacity of the studied unreinforced masonry walls 

and vaults and improved the failure mode. Other advantages 

such as ease of installation, small thickness, less 

intervention and possible removal with less damage 

(compared to other strengthening schemes such as 

reinforcement, stitching or anchoring) make FRP an 

attractive alternative for traditional strengthening methods. 

• The adopted numerical modelling may thus be 

regarded as a reliable tool to explore and compare the 

effectiveness of FRP strengthening and predict the failure 

mode, ultimate load-carrying capacity and safety level of 

existing unreinforced masonry structures. 

• Application on a historic dome demonstrated the 

capability of the adopted procedure to simulate the 

structural behavior of heritage masonry structures. The 

model can be efficiently used to justify cracking, predict the 

failure loads and patterns, and propose and design 

appropriate strengthening schemes for retrofit, thus 

preserving and enhancing the safety of distressed heritage 

structures. 

• In this work, full bond is assumed between masonry 

and FRP laminates. The work may be extended to simulate 

accurately the bond and transfer of tangential stresses 

between the masonry and the strengthening elements. 

• The research could be extended to study the use of 

other strengthening techniques such as FRP grids, 

prestressed FRP laminates, near-surface mounted FRP rods. 
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